A CLASSIFICATION OF SMOOTH EMBEDDINGS 
OF 4-MANIFOLDS IN 7-SPACE, II 



DiARMUiD Crowley and Arkadiy Skopenkov 

Abstract. Let A'^ be a closed, connected, smooth 4-manifold with Hi{N; Z) = 0. Our main 
result is the following classification of the set E^(-/V) of smooth embeddings N up to 

smooth isotopy. Haefiiger proved that the set £^(5^) with the connected sum operation is a 
group isomorphic to Z12. This group acts on E^(/V) by embedded connected sum. Boechat 
and Haefiiger constructed an invariant BH : E^(A'') H2{N;'L) which is injective on the 
orbit space of this action; they also described im{BH). We determine the orbits of the action: 
for u e im(BH) the number of elements in BH^^{u) is GCD{u/2, 12) if u is divisible by 
2, or is GCD{u, 3) if u is not divisible by 2. The proof is based on a new approach using 
modified surgery as developed by Kreck. 



1. Introduction and main results 

We work in the smooth category. The main result of this paper is a complete readily 
calculable classification of embeddings into M7 of closed, smooth 4^-manifolds N such that 
Hi{N) = 0. For such a manifold let E^(A^) denote the set of smooth embeddings N 
up to smooth isotopy. We omit Z-coefRcients from the notation of (co) homology groups 
and denote Poincare duality by PD. 

Classification Theorem 1.1. Let N be a closed connected 4-i^o.nifold such that 
Hi{N) = 0. There is the Boechat-Haefliger invariant 

BH : E^(A^) H2{N) 

whose image is 

im{BH) = {ue H2{N) \ u = PDw2{N) mod 2, unu = a{N)}. 
For each u G im.{BH) there is an injective invariant called the Kreck invariant, 

r]u ■ BH~^{u) '^GCD{u,2^) 

whose image is the subset of even elements} 

Corollary 1.2.^ (a) There are exactly twelve isotopy classes of embeddings N ^ M7 
if N = [Ha66] or an integral homology ^-sphere. 
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^Here GCD(u, 24) is the maximal integer k such that both u 6 H2{N) and 24 are divisible by k. 
Thus r]u is surjective if u is not divisible by 2. Note that u G im(BH) is divisible by 2 (for some u or, 
equivalently, for each u) if and only if N is spin. 

•^For an explicit construction of the embeddings see §3 and Corollary 1.4(c) below. 
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(b) For each integer u there are exactly GCD{u, 12) isotopy classes of embeddings 
/ : ^2 X 52 ^ r7 y^^^/j BH{f) = (2u,0), and the same holds for those with BH{f) = 
(0, 2ti). Other values of 7? are not in the image of BH. (We take the standard basis in 

We define the Boechat-Haefliger invariant and the Kreck invariant in §1 and §2. 

The description of im{BH) in the Classification Theorem 1.1 was already known. So 
our achievement is to describe the preimages of BH (thus only this part of the proof 
is presented in this paper). More precisely, in this description our achievement is the 
transition from the case N — S"^ (which was known) to closed connected 4-manifolds N 
with Hi{N) = 0.^ Let us explain what is involved in this transition. 

From now on unless otherwise stated, we assume that 

N is a closed connected orientable 4-m'(inifold and f : N ^ is an embedding. 

It was known that E^iS^) with the embedded connected sum operation is a group iso- 
morphic to Z12 [Ha66]. The group £^(5"^) acts on the set E^(A'") by connected summation 
of embeddings g : S"^ ^ M7 and f : N ^ MJ whose images are contained in disjoint cubes. 
It was known that for Hi{N) = the orbit space of this action £^(5*^) E'^{N) maps 
bijectively under BH (defined in a different way) to im{BH). This follows by the Section 
Lemma 3.1 and [BH70, Theorems 1.6 and 2.1] and smoothing theory [BH70, p. 156], cf. 
[Ha67, Ha, Bo71, Fu94]. 

Addendum 1.3. Let N be a closed connected ^-'fnd^fold such that Hi{N) = 0. For 
each pair of embeddings f : N —>-'E7 and g : S'^ ^ M7 

BH{f#g) = BH{f) and VBHif){f*9) = VBHif){f) + Vo{g) mod CCD (M(/), 24). 

Here the first equality follows by the definition of the Boechat-Haefliger invariant, and 
the second equality is proved in §3. 

Definition of the Boechat-Haefliger invariant. Denote by C/ the closure of the com- 
plement in 5"^ D to a tubular neighborhood of f{N). 

Fix an orientation on and an orientation on MJ . A homology Seifert surface Af for 
/ is the generator of H^{Cf, 9) = Z chosen by the fixed orientations of and M^.^ 

Define BH{f) to be the image oi A^^ = Af n Af under the composition Hs{Cf,d) 

H^{Cf) — > H2{N) of the Poincare-Lefschetz and Alexander duality isomorphisms. 

This new definition is equivalent to the original one [BH70] by the Section Lemma 3.1. 
The Classification Theorem 1.1 and Addendum 1.3 imply the following examples of the 

triviality and the effectiveness of the above action. 

Corollary 1.4. (a) For each embedding f : CP^ — >■ M'^ and g : S'^ —>■ MJ the embedding 
fjj^g is isotopic to f [Sk05, Triviality Theorem (a)]. 

(b) Let N be a closed connected 4-'mo,nifold such that Hi{N) = and the signature 
o"(A^) of N is not divisible by the square of an integer s > 2). Then for each embeddings 
f : N ^ R'^ and g : S"^ R'^ the embedding fj^g is isotopic to f [Sk05].^ 

(c) If N is a closed connected 4-manifold such that Hi{N) = and f{N) C for an 
embedding f : N ^ M7 , then for each embedding g : S"^ ^ MJ the embedding f^g is not 
isotopic to f. Cf. [Sk05, the Effectiveness Theorem]. 

^A simpler proof of a particular case of the Classification Theorem 1.1 is given in [Sk05]. 

"^More precisely, Af the image of the fundamental class [N] under the composition H4{N) — > H'^{Cf) 
H^{Cf,d) of the Alexander and Poincare-Lefschetz duality isomorphisms; this composition is an inverse 
to the composition H^{Cf,d) H4{dCf) H4{N) of the boundary map and the normal bundle map, cf. 
[Sk08', the Alexander Duality Lemma]; the latter assertion justifies the name 'homology Seifert surface'. 

^In other words, under the assumption of Corollary 1.4(b) the map BH is injective. 
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(d) Take an integer u and an embedding fu ■ x ^ MJ constructed below. If 
u = 6k±l, then for each embedding g : S"^ ^ M7 the embedding fui^g is isotopic to /^.^ 

Sketch of a proof. Part (a) follows from (b). 

Part (b) follows by Addendum 1.3 and the Classificatfon Theorem 1.1. 

Part (c) follows by the Classificatfon Theorem 1.1 because BH{f) = when f{N) C M^, 
cf. [Sk08', Compression Theorem]. 

Part (d) follows by the Classification Theorem 1.1 because BH[fy) — 2W{fu) — 2w 
analogously to [Sk08', Boechat-Haefliger Invariant Theorem], where W{fu) is defined anal- 
ogously to [Sk08', definition of the Whitney invariant]. □ 

The first construction of fu- Let f^-.S"^^ Vs^a be a map representing u times the 
generator of 7r2(V5,3) = Z. This map fu can be seen as a map from S"^ to the space 
of linear orthogonal embeddings M"^ M^. By the exponential law this gives a map 
fu = Wi ^fu '■ "S"^ X M"^ S"^ X M.^, where pr^^ is the projection onto the first factor. 
Let fu be the composition x dD^ x dD^ M7 of the restriction of fu and the 

standard inclusion. 

The second construction of fu- Take the standard embeddings 2D^ x S'^ cMJ (where 
2 is multiplication by 2) and dD^ C dD^. Take u copies (1 + ^)dD^ XX {n = l,...,u) 
of 4-sphere outside x S'^ 'parallel' to dD^ x x. Join these spheres by tubes so that 
the homotopy class of the resulting embedding S"^ ^ S'^ — x S'^ ~ 5^ — 5^ ~ S"^ will 
be fx e 7r4(5"^) = Z. Let / be the connected sum of this embedding with the standard 
embedding dD^ x gMJ. 

It follows from the Classification Theorem 1.1 that if fk ■ Nf, — > MJ are embeddings of 
closed connected 4-manifolds such that Hi{Nk) = and Ofe := Bi?jVj.(/fc), then 

GCD{ai, a2, 3) if either ai or 02 is not divisible by 2, 

GCD{ai/2, 02/2, 12) if both ai and 02 are divisible by 2. 



The General Knotting Problem. 

This subsection is not used in the proof of the Classification Theorem 1.1. This paper 

concerns the classical Knotting Problem: given an n-manifold N and a number m, describe 
W^{N), the set of isotopy classes of embeddings N R™'.'^ For recent surveys see [RS99, 
SkOS]; whenever possible we refer to these surveys not to original papers. 

The Knotting Problem is more accessible for 2m > 3n + 4 [RS99, SkOS]. It is much 
harder for 

2m < 3n + 4 : 

if A?" is a closed manifold that is not a disjoint union of spheres, then until recently no 
complete readily calculable descriptions of isotopy classes was known, in spite of the 
existence of interesting approaches of Browder-Wall and Goodwillie- Weiss [Wa70, GW99, 
CRS04].^ For recent results see [Sk06, SkOS']; for rational axid piecewise /mear classification 
see [CRS07, CRS] and [Sk06, Sk07, SkOS, §2, §3 and §5, Sk], respectively. 



®For a general integer u the number of isotopy classes of embeddings fu#g is GCD{u, 12). 

^The classification of embeddings into S'^ is the same because if the compositions with the inclusion 
i : 5™" of two embeddings /o,/i : A'' — > of a compact n-manifold N are isotopic, then fo 

and /i are isotopic (in spite of the existence of orientation-preserving diffeomorphisms 5*™" S*™ not 
isotopic to the identity). Indeed, since fo and /i are isotopic, by general position i o fo and i o fi are 
non-ambiently isotopic. Since every non-ambient isotopy extends to an ambient one [Hi76, Theorem 1.3], 
io fo and i o fi are isotopic. 

^We are grateful to M. Weiss for indicating that the approach of [GW99] does give explicit results on 
higher homotopy groups of the space of embeddings — > R". 
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In particular, a complete, readily calculable classification of embeddings of a closed 
connected 4-manifold N into was only known only for m > 8 (Wu, Haefliger, Hirsch 
and Bausum) or for N = S"^ and m = 7 (Haefliger) : 



Here E'"(A'") is the set of smooth embeddings N MJ^ up to smooth isotopy; the equality 
sign between sets denotes the existence of a bijection; the isomorphism is a group isomor- 
phism for certain geometrically defined group structures. See references in [Sk08, §2, §3]; 
cf. [Sk06, Sk]. 

The 'connected sum' group structure on £'"(5'") was defined in [Ha66]. By [Ha61, 
Ha66, Corollary 6.6, SkOS, §3], E"^(5'") = for 2m > 3n + 4. However, £""(-5") 7^ 
for many m, n such that 2m < 3n + 4,^ e.g. £^(5"*) = Z12. 

In this paragraph assume that is a closed n-manifold and m > n + 3. The group 
E'^iS'^) acts on the set E"^(A^) by connected summation of embeddings g : S'^ ^ 
and f : N ^ whose images are contained in disjoint cubes. ^° Various authors have 
studied analogous connected sum action of the group of homotopy n-spheres on the set of 
n-manifolds topologically homeomorphic to given manifold [Le70]. The quotient of E"^(-/V) 
modulo the above action of E"^('S''^) is known in some cases. Thus in these cases the 
knotting problem is reduced to the determination of the orbits of this action. This is as 
non-trivial a problem: until recently no results were known on this action for m > n + 3, 
E"^(5''^) ^ and not a disjoint union of spheres. For recent results see [Sk08', Sk06]; 
for a rational description see [CRS07, CRS] ; for m = n -|- 2 see [Vi73] . 

Acknowledgements. These results are based on ideas of and discussion with Matthias 
Kreck and were presented at the International Pontryagin Conference (Moscow, 2008). 



This section consists of four subsections. The first discusses the general strategy we 
use. The second states the preliminary results needed to apply this strategy to calculate 
E^(iV). The third defines the key invariant, the Kreck invariant. The final section gives 
the proof of the Classification Theorem 1.1. 

A general strategy for the embedding problem. 

The proof of the Classification Theorem 1.1 is based on the ideas we explain below 
which are useful in a wider range of dimensions [Sk08'] and for solving problems other 
than the action of E'^{S'') on E"'(A^) [FKV87, FKV88]. 

^This differs from the Zeeman-Stallings Unknotting Tlieorem: form > n+3 any PL or TOP embedding 
S"' 5™" is PL or TOP isotopic to the standard embedding. 

■"^^Since to > n + 3, the connected sum is well-defined, i.e. does not depend on the choice of an arc 
between gS"' and fN. If A'^ is not connected, we assume that a component of N is chosen and we consider 
embedded connected summation with this chosen component. 

-"^^In those cases when this quotient coincides with Fipj^^iN) and when the latter set was known [Hu69, 
§12, Vr77, Sk97, Sk02, Sk07, Sk06]. 



#E 



m 



(N) = 1 for m > 9. 




N orientable, 

N non-orientable and Hi{N] Z2) = 
e'(-S^)^Zi2. 



2. An overview of the proof 
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In this subsection is a closed connected n-manifold and f : N MJ^ is an embedding. 
Let Vf be the normal vector bundle of f{N) and let Cf he the closure of the complement 
in S'^ D of a tubular neighbourhood of /(AT). We identify the boundary of Cf, dCf, 
with the total space of the sphere bundle of i/f. In this paper a bimdle isomorphism is 
always the restriction of a linear bundle isomorphism to the sphere bundle. 

The following classical lemma reduces the classification of embeddings to the relative 
classification of manifolds. 

Lemma 2.1. For a closed connected manifold N embeddings /o,/i : N — > are 
isotopic if and only if there is a bundle isomorphism (p : dCf^ — > dCf^ which extends to 
an orientation-preserving diffeomorphism Cf^^ Cf^^T, for some homotopy n-sphere E. 

Proof. The 'only if part is obvious, so let us prove the 'if part. The bundle iso- 
morphism (f also extends to an orientation- preserving diffeomorphism — IntC/,, — > 
grn _ Therefore S = S'^^T, = S"^. So (p extends to an orientation-preserving 

diffeomorphism C/^ = C/^. Since any orientation-preserving diffeomorphism of is 
isotopic to the identity, it follows that /o and /i are isotopic. □ 

Remark. Lemma 2. 1 has been used to obtain embedding theorems in terms of Poincare 

embeddings [WalO]. But 'these theorems reduce geometric problems to algebraic problems 
which are even harder to solve' [WalO]. One of the main problems is that in general (i.e. 
not in simpler cases like that of [Sk05, the Effectiveness Theorem]) it is hard to work 
with the homotopy type of the pair {Cf,dCf) (which is sometimes unknown even when 
the classification of embeddings is known [Sk06]). 

The main idea of our proof is to apply the modification of surgery [Kr99] which allows 
to classify m-manifolds using their homotopy type just below dimension Apply- 
ing modfified surgery we prove a diffeomorphism criterion for certain 7-manifolds with 
boundary: the Almost Diffeomorphism Theorem 2.6 (cf. the Diffeomorphism Theorem 
4.7) which is a new, non-trivial version of [KS91, Theorem 3.1] and of [Kr99, Theorem 6] 
for 7-manifolds M with non-empty boundary and without the assumption that H4^{M) is 
finite. 

Preparatory results. 

In order to let the reader understand the main ideas before going into details, we 
sometimes apply a result before presenting its proof. In such cases the proof if given in 
§3 (except for the proof of 'if part' of the Almost Diffeomorphism Theorem 2.6 which is 
given in §4). 

Remark. For some readers it would be more convenient to replace homology by 
cohomology using Poincare-Lefschetz duality (these readers would have to pass back to 
homology at the decisive step of the proof because in geometric situations like in this 
paper cup- products are anyway calculated by passing to cap-products). For some readers 
it would be more convenient to replace for a manifold Q a homology class z e Hn-2{Q, dQ) 
by a homotopy class of a map Q <CP°° (then sewing two maps would be a bit more 
technical) and a spin structure on Q by a map Q BSpin. 

Recall that unless otherwise stated 

N is a closed connected orientable 4-'manifold and f : N ^ is an embedding. 
Lemma 2.2. The normal bundle of f, Vf, does not depend on f . 

-"^•^The realization of this idea is close to, but different from the realization of [Sk05]. Here we use 
BSpin X CP°° -surgery while in [Sk05] BO (5) X CP°°-surgery is used. 
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Proof. The lemma follows because = z^/ is completely defined by its characterictic 
classes [DW59]. We have e(z^) = 0, W2{i^) = W2{N) by the Wu formula andpi(z^) — pi{N) 
by the analogue of the Wu formula for real Pontryagin classes. □ 

Take two embeddings /o, /i : A/" — > S'^. By Lemma 2.2 there is a bundle isomorphism 
(f : c?C/(, 9Cf^. By Lemma 2.1 embeddings /o and /i are isotopic if and only if there 
is an extension ^ : C/^ — C/^^^S. In this situation we may assume: 

• that Ip preserves the spin structures s, s' coming from S'^ and 

• that ^ sends the generator Af^ e H^{CfQ,d) to the generator G H^{Cf^, d). 
The first property is fulfilled because Hi{N) = 0. A necessary condition for the second 

property is (p^dAf^ = dAf^. 

Agreement Lemma 2.3. Suppose that Hi{N) has no 2-torsion,^^ foi fi N ^ S'^ 
are embeddings and ip : dCf^ (^^h ^-^ ^ bundle isomorphism. We have (p^dAf^ — dAf^ 
if and onlyifBH{fo)=BH{fi). 

Now suppose that BH^fo) = BH{fi). There is a spin bordism between (C/q,Aj-q) 
and (Cfj^jAf^) relative to the boundaries identified by (p (because by the Remark the 
obstruction to the existence of such a cobordism assumes values in 
[KS91, Lemma 6.1]). It remains to replace the bordism by an /i-cobordism. This problem is 
solved by modified surgery [Kr99] . The heart of our argument is to analyse the dependence 
of the surgery obstructions which arise from various choices of the bordism and the bundle 
isomorphism cp. We call the resulting obstruction the Kreck invariant. 

The definition of the Kreck invariant. 

For any manifold Q we abbreviate Hi{Q, dQ) to Hi{Q, d) and denote Poincare-Lefschetz 
duality by 

PD:H\Q)^Hq_i{Q,d) and PD : Hi{Q) ^ H'i-\Q,d). 

Recall that for an abelian group G the divisibility d{Q) of zero is zero and the divisibility 

d{x) of X E G — {0} is max{A; e Z | there is xi E G : x = kxi}. 

A sentence involving k holds for each k — 0,1. 

A set X = (Co, Ci, Aq, Ai, ip) consisting of compact connected spin 7-manifolds Cq and 
Ci, generators A^ G H^{Ckid) = Z and a spin diffeomorphism (p : dCo — > dCi is called 
admissible if 

dA^^ip^dAo, if3(5Co)=0, pi(Co) =pi(Ci) =0 and d{Al) = d{Al). 

According to our strategy we first define the obstruction rjx to extending (p to a, diffeo- 
morphism carrying Aq to Ai.^^ 

Denote M^^ :— CoU<^(— Ci). For y e H^[Mtp) and an orientable n-submanifold C C M^p 
we denote^^ 

y n C := PD[{PDy)\c] G Hn-2{C, d). 

■"■^We conjecture that this assumption is superfluous when is a spin bundle isomorphism. 

-"^^A more general situation makes things simpler, but a reader who do not wish to keep in mind the 
properties of Ck,Ak,ip may assume that Ck = Cf^, = Af^ and ip is any spin bundle isomorphism. 

■"■^If y is represented by a closed oriented 6-submanifold Y C M^p transverse to C, then y n C is 
represented by Y n C. If C7 = dCo, then yDC = yn [C]. If C = Cq, then y n C = y n [C], where C is 
the image of [M^] under the excision isomorphism Hn{M^,Ci) — > Hn{Co,d). 
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Null-bordism Lemma 2.4. Each admissible set has a nuU-bordism, i.e. a compact 
connected spin 8-manifold W and z e Hq{W, d) such that dW = and {dz)r]Ck = A^. 

spin 

Proof. Look at the segment of (the Poincare-Lefschetz dual to) the Mayer- Vietoris 
sequence: 

H,{dCo) ^ H,{M^) H,iCo,d) e H,{Cud) H,{dCo). 

Here the unmarked arrow is induced by inclusion and \&fca: := x (1 Ck- 
Since dAi = (p^dAo, there is A G H^{M^) such that A n = Ak.^^ 
Since n^^'''{CP°^) = [KS91, Lemma 6.1], there are a compact spin 8-manifold W 

and a class z e Hq{W, d) such that dW = and dz = A. □ 

spin 

Let be a compact spin 8-manifold. Consider the following fragment of the exact 
sequence of pair: 

H4{dW) H4{W) H4{W,d) ^ HsidW) 
(with any coefficients). Let pi{W) be the first Pontryagin class of W. Denote 

pw := PDpiiW). 

It is known that pw is divisible by 2, see Lemma 2.9. 
Denote by pm the reduction modulo m. 

Definition: the Kreck obstruction 77^^,2 • Take a null-bordism {W,z) of an admis- 
sible set X. Denote d := d{dwz^)- Then there is z'^ e H^iW; Zd) such that jwz^ = Pd^^- 
Define ^ 

'nw,z ■= n pd{z'^ - -pw) e z^. 

The proof of the independence of r)w,z on the choice of z"^. We have z'^ — z^ = iwa 
for some a e H^^dW^Zd). By Lemma 2.5 below there is \pw € H4{W) such that 
jw\pw = \pw- Then 



•nwA^"^) - Vw,z{^^') = n {z'^ - -pw) = iwa n (^2 _ pd-pw) = 0. □ 

Lemma 2.5. // {W.,z) is a null-bordism of an admissible set X, then dwPw — and 
d{Al) =didwz^). 

Proof. Consider the segment of the Mayer- Vietoris sequence 

Hs{dCo) ^ HsidW) ^ Hs{Co, d) ® H^{Cu d) ^ H2{dCQ). 

Since ipwPw) H Cfc = PDpi{Ck) — and Hs{dCo) — 0, we have dwPw = 0. 

We have {dwz'^) n Cfe = {d{z n Cfc))^ = A^. Hence d{Al) is divisible by d{dwz'^), and 
in the above segment of the Mayer- Vietoris sequence dwz^ is mapped to Aq^A^. If Aq is 
divisible by an integer d, then is. Since Hs{dCo) = 0, we obtain that dwz^ is divisible 
by d{Al). This proves d{Al) = d{dwz^). □ 

■"^^If Co = C/q and Ci = Cjj^, then H^{dCo) = 0, hence such a class A is unique. This class is called 
a joint homology Seifert surface for /o and /i . 
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For an admissible set X by Lemma 2.5 we can define 

VX ■= PGCD{A'^,24:)VW,z e ^GCD(A2,24)- 

The proof of the independence of ijx on the choice of (VF, z) . The independence on the 
choice of (VF, z) within a cobordism class relative to the boundary is standard. Change of 
the cobordism class (relative to dW = M^p) of W changes riw,z by adding v^{v'^ — \pi{V)), 
where F is a closed spin 8-manifold and v e Hq (V) . This is divisible by 24 by the smooth 
spin case of [KS91, Proposition 2.5]. □ 

Definition: the Kreck invariant 77^^. Assume that ifi(A^) =0. Take two embeddings 
/o, fi : N ^ S'^ such that BH{fo) = BH{fi) = u. By Lemma 2.2 there is a bundle 
isomorphism ip : dCf^ ^C'/^. The difference between spin structures on dCf^ is in 
H^{dC f^;'L2) = H^{dCfg;Z2) = 0, so we may assume that (p is spin. Then by the 
Alexander duality and the Agreement Lemma 2.3 the set X = {CfQ,Cf^,AfQ,Af^,(f) is 
admissible. Define 

Vuifo, /l) := VX e ^GCD(Al,24.)- 

This is well-defined by the (non-trivial) Framing Theorem 2.7{r]). 

For u G H2{N) fix an embedding fo : N ^ M7 such that BH^fo) = u and define 
VuU) — VuifJo)- (We write r]u{f) not Vfoif) ^^r simplicity.) ^'^ 

The outline of the proof. 

Definition of the framing invariant rj'x- Take an admissible set X = (Cq, Ci,Aq,Aij ip) 
such that Aq and are divisible by 2. Define z"^ e H4^iW\'L2) analogously to 2;^ e 
i?4(VF; "Ld) in the definition of r]w,z- Define^^ 

ix ■^z^np2z'^ e Z2. 

Almost Diffeomorphism Theorem 2.6. Let X = [Co, Ci, Aq, Ai, (p) be an admis- 
sible set such that TVi{Ck) = Hs{Ck) = H4{Ck,d) — and H2{dCo) is free. For some 
homotopy 7-sphere S there is a diffeomorphism Cq C'l^E extending (p if and only if 

r]x = and, for Aq divisible by 2, v'x — ^^ 

The 'only if part is simple (take W = Cq x/U^(Ci#E), where ^ : CqxI = Cq ^ Ci#S 
is given extension) and is not used in the proof of the Classification Theorem 1.1. 

Framing Theorem 2.7. Let X — {Cq, Ci, Aq, Ai, (p) be an admissible set such that 
dCo is an S'^ -bundle over a closed ^--manifold N with Hi{N) = 0. Then 

(rj) r]x is independent of the choice of (p (preserving Ck, Af~ and admissibility).^^ 
(ip) If Aq is divisible by 2, then we can change (p (preserving Ck, Ak and admissibility) 

so as to obtain ^'x = 0- 

Lemma 2.8. ///, /i, /2 : N ^ MJ are embeddings with the same value of the Boechat- 
Haefiiger invariant, u, then rjuif, fi) + Vuifi, /2) = Vuif, /2)- 

Proof of the injectivity of rj^. By Lemma 2.8 it suffices to prove that 

■'■'^In general rju depends on the choice of an orientation on A'', but e7 (N) by definition does not. 
■"^^This is independent on the choice of W, z analogously to rix using the smooth spin case of [KS91, 
Proposition 2.5] (because 1253 —4852 = 62;* is divisible by 12, so z'^ is divisible by 2 for closed manifolds). 
^^The change of tp is only possible together with certain changes of W,z. 
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if BH{f) = BH{f') and r]BH{f){f,f') = 0, then f is isotopic to f. 

In order to prove this assertion construct an admissible set X as in the definition of 
the Kreck invariant rjuif, /')• Since rjuif, f) = 0, we have r]x = 0. 

If A'j is divisible by 2, by the Framing Theorem 2.7{(p) we can change (p so as to obtain 
r]x = 0. By the Framing Theorem 2.7{r]) r]x will be preserved. 

Therefore by the Almost Diffeomorphism Theorem 2.Q (p extends to a diffeomorphism 
Cf ^ Cf'il^T, for a certain homotopy 7-sphere S. Hence / is isotopic to /' by Lemma 
2.1. □ 

The description of im rju holds by the second equality of the Addendum 1.3 and the 
following two partially known results proved in §3. 

Lemma 2.9. Let W be a compact spin 8-manifold. Then pw is divisible by 2 and 
{pwf^) r\ X — X n X is divisible by 2 for each x G H4{W). 

Realization Theorem 2.10. There is an embedding gi : ^ such that r]o{gi) = 

2. 

This holds by the injectivity of rjo (proved above) because there exist 12 pairwise non- 
isotopic embeddings S"^ — > S'^ [Ha66]. We present an alternative direct proof in §3. 
Sections §3 and §4 depend on §2 but are independent of each other. 

3. The details of the proof 
Proof of the Agreement Lemma 2.3. 

Let Nq := Cl(iV - S"^), where B"^ is a closed 4-baU in N. Denote v ^Vf. 

For a section ^ : Nq ^ dC / we denote by ^-^ the oriented 2-bundle that is the orthogonal 
complement to ^ in i/jjVo- Denote by |-, - I the distance in N such that B'^ is a ball of radius 
2. By 'a section ^ : A^o ~^ 9Cf^ wc would mean 'a section over Nq of the normal bundle 
dCf N\ For a section ^ : Nq ^ dCf define a map 

( C{x) xeNQ 

^:N^S'-fNQ by ^{x) = I f{x) |a;,Ao|>l 

[ la;, Ao|/(x) + (1 - \x, Ao|)e(x) \x, Nq\<1. 

A section C : ^^o ^ dCf is called unlinked if CJA] = e H^iS^ - fNo) [BH70]. 

For a map ^ : P ^ Q between a p- and a g-manifold denote the 'preimage' homomor- 
phism by 

:= PDoCoPD: H,iQ, d) ^ Hp_g+i{P, d). 

Section Lemma 3.1. If ( is an unlinked section, then BH{f) — PDe{C^) = C'^Af. 

Proof. Since C is unlinked, there is a 5-chain a in S'^ — fNo such that da is represented 
by (N. We may assume that the support of a is in general position to dCf, so 5-chain 
a n C/ and 4-chain a n dCf are defined. 

Take 5-chain b in 5"^ represented by the union of segments f{x)C{x)j x E N. By 
Alexander duality Af = [{a + b) H Cf] = [a fl C/]. By pushing out of v~^Nq we may 
assume that the support of a intersects i'~^Nq by C-^o- Hence 

^/ n v-^Nq = [a n C/ n v'^Nq] = [CNq] e H4{i^-^No, u-^dNQ). 

Identify the groups H2{N) and H2{No) by the restriction isomorphism. Then 



C'dAf = C-{Af n u-'Nq) = C-[CNq] = PDe{C^) e H2{N). 
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Here the last equality holds because the normal bundle of ( : Nq ^ dCf is isomorphic to 
Also 

BH{f) u,d{AfnAf) = u^dAfndAf) = uo,,{Afnu-^Nof = i^oAC^o]^ = PDe{C^). 
Here 

• (1) follows by Alexander duality, cf. [Sk08', the Alexander Duality Lemma]; 

• uq := i^\iy-iNo the square means intersection square in H4{u~^No, u~^dNo); 

• (5) holds because the normal bundle of ( : Nq — > dCf is isomorphic to C"*"- D 

Proof of the Agreement Lemma 2.3. Denote f = fo- Consider the following fragment 
of the Gysin sequence for the bundle u having trivial Euler class: 

^ H2{N) ^ H4{dCf) ^ H4{N) 0. 
We see that for each section C : ATq — > dCf the map 

iy,(BC- : H^idCf) ^ H4{N) © H2{N) 

is an isomorphism. By definition of ^/ we have v^dAf = [N] = Uf^^dAf^. 

There exist unlinked sections C and for / and fi [HH63, 4.3, BH70, Proposition 1.3, 
Sk08', the Unlinked Section Lemma (a)]. We have e{{ipC)^) = e(C^) = BH{f) = BH{fi), 
where the second equality holds by (the first equality of) the Section Lemma 3.1. 

For sections 

C,ri:No^dCf, we have PDe{C^) - PDe{C^) = ±2d{C,rj), 

where d{^,r]) G H2{N) is the difference element [BH70, Lemme 1.7, Bo71, Lemme 3.2.b]. 

Since H2{N) has no 2-torsion, the previous two sentences together with (the first equal- 
ity of) the Section Lemma 3.1 imply that the section (p(^ is unlinked for /i. Hence by (the 
second equality of) the Section Lemma 3.1 

{^CydAf^=PDe{{^C)^) = PDe{C^) = C-dAf, so >^,dAf ^ dAf^. □ 
Proof of the Framing Theorem 2.7. 

Lemma 3.2. Define i : = SUi — > SU3 by i{z) = diag(2;, 1). Then the homoge- 
neous space SU3 /i{S^) is the total space of the non-trivial -bundle over (i.e. the 
bundle corresponding to the non-trivial element of 714(303) = Z2). 

Proof. Since i{S^) C SU2, the standard bundle SU2 SU3 gives a bundle 

S'^^SV2/i{S^)^S\J3/i{S^)^S\ (*) 

Here the diffeomorphism is given by a free action of SU2 on CP^ = whose stabilizator 
subgroup is i{S^). 

(In order to define such an action, identify SU2 with the group of unit length quater- 
nions. Define the Hopf map 

/i : SU2 ^ CP^ by h{z + jw) := {z : w) for z,w eC and \zf + \wf = 1. 
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The required action is well-defined by uh{v) := h{uv). The action of SU2 on = EI is 
given by {z + jw){p + jq) = zp + wq + j{wp + zq). Hence z + jw corresponds to matrix 

( _ _ )• Thus the stabilizator subgroup is {z + jO \ ^ G C} = i{S^).) 

Since 7r4(SU3) = (by 7r4(SU3) = 7r4(SU) and the Bott periodicity), we have 7r4(SU3 /i{S^)) 
^ Z2 = 714(^2 X S^). Hence SIJ3 /i{S^) ^ x S^". Therefore the bundle (*) is non- 
trivial. 0^° 

Proof of the Framing Theorem 2.7. Take a closed 4-ball 5^ C N. Since Hi{N) = 0, 
the bundle isomorphism (p is iniquely defined over Cl(Ar — B'^) by the condition that (p 
is spin. If we change ip on S'^, then analogously to [Sk08', proof of the Independence 
Lemma] and by Lemma 3.2 (M^, Aq U<^ Ai) would change by interior connected sum with 
(SU3 /i{S^),A), where A e ii"5(SU3 /i{S^)) = Z. It suffices to consider the case when A 
is a generator. 

We have SU3 /i{S^) is A^i,-i defined in [KS91, §1]; the assumption k + l is not used 
for the definition (but required for the positive curvature property). By [KS91, Proposition 
2.2] (SU3/i(5i),A) = d{W,z) for some spin 8-manifold W and z e HQ{W,d). By 

spin 

Lemma 3.2 H3{dW) = H4^{dW) = 0. Hence we may identify z'^ and pw with elements of 
H/^iW) (which elements are denoted by the same letters). In [KS91, proof of Lemma 4.4] 
the assumption k ^ Q was not used.^^ So by [KS91, (2.4), Lemma 4.4 and bottom of 
p. 475] with 

k = m = 1, I = —1, n = we have z^ = —1 and N = P = S = 1, 

so - z'^pw + = 48s2(A^i -1) - 2(-P + NS)/N = 0. 

Thus change of (p together with certain corresponding change of W, z preserves rjx and, 
for Aq divisible by 2, changes ry^ by 1. □ 

Proof of Lemma 2.8 and the second equality of the Addendum 1.3. 

Proof of Lemma 2.8. Assume that {Wk, Zk) is a nuU-bordism of the admissible set 

iCf,Cf^,Af,Af^,(pk). 

Take cp := (p2fi^ ■ Then X = {Cf^, C/2, A/^, Ajj, 99) is admissible. 
Take W :— W2 {—Wi). From the Mayer- Vietoris sequence 

He{Cf) ^ He{W,d) ^ He{Wi,d)(BHe{W2,d) ^ H^iCf) 

we see that is an isomorphism. Take z := ^^"^(2:1 ® 2:2). Then (W, z) is a nuU-bordism 
of X. 

Consider the maps 

(• n Wi) ® (• n 1^2) : H^iW, d) H^{Wi, d) ® H^{W2, d) and 

ii © i2 : H^{Wr, Zd) © H^{W2; Zd) ^ H^iW; Z^). 



^°An alternative proof of the non-triviality of the bundle (*). If (*) is trivial, then there is a bundle 
SU3 ^ 52 X whose first Chern class is a generator of H'^{S'^ x S^) ^ Z. Then SU3 ^ X 
which is a contradiction because 7r4(SU3) = 7^ Z2 = 774(5''^ x S^). 

^^There is a typographical error in the expression for S3 which should read S3(Arfe = {—4P+NS)/6N 
and in the expression for P where —6m^n^ should read —6lmPn^; we do not use these corrections. 
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Clearly, pw,_ = Pw H Wi and zf = z'^ H Wi. Take z'^ := iizl © ^2-22- Since 
{iiXi®i2X2)r^y ^ xir\{yr\Wi) + X2r\{yf\W2) we have r]w,z = 'nWl,z^ - 'nw2,z2- 

Hence Vuifi,f2) = Vuif, /2) - Vuif, fi)- □ 

Proof of the second equality of the Addendum 1.3. It suffuces to prove that r]uifi^g, /o#^o) = 
Vuif, fo) + Vo{9,9o), where u = BH{fo) and qq : ^ W is the standard embedding. 

Assume that (Wf^Zf) is a nuU-bordism of an admissible set {Cf,CfQ,Af,AfQ,(fif) and 
the same for /, fo replaced by g,go. 

We may assume that (ff is the identity outside <Z N and that Vf = I'f^g outside 
G N. Then take any spin bundle isomorphism (p : dCf^g — > dCf^^g^ that is the 
identity outside B^. 

Identify B^ x and i^J^B^ C ^C/ by some bundle isomorphism. The same for / 
replaced by fo,g,go. We have 

Cf#9 = Cf i^B^xS^ Cg and C f^^g^ = C f^Us'^xS^ C go- 
Then {Cf^gjCf^^g^jAfjAf^jip) is an admissible set. 

By B^ = B^ B^ we denote the standard decomposition. Take an embedding 
B^ X S'^ ^ dWf — Cf U^j, C/q whose image intersects 

Cf, Cf^ and dCf =^ dCf^ by B^xS^, B^ x and B"^ x S^, 

respectively. Take the analogous embedding B^ x S'^ ^ (^^g- Then take 

W := Wf Ub5xS2 Wg. 

Consider the Mayer- Vietoris sequence: 

H^iB'' X 5') ^ H^iW, d) ^ H^iWf, d) © i^elM^g, d) ^ ifsl^^ x 5^, d). 

Identify dW and Cj^^ Cf^^ff^g^^ by the easily constructed homeomorphism. We have 
dAf n B'^ X = [B^ X x] e H4{B^ x S^,d), and the same for / replaced by fo,g,go. 
Hence 

dzf DB^ xS^ = dzg DB^ xS'^ = [B^ x x] e H^{B^ x S^, d). 
Therefore there is a unique z e HQ{W,d) such that {W,z) is a nuU-bordism of 

Since Hc{B^ x S"^) = Hc{B^ x S'^,d) = for c = 3,4, by the exact sequence of pair 
and the Mayer- Vietoris sequence we have orthogonal isomorphisms and \E'5 appearing 
in the following commutative diagram: 

H^{W,d) > H^{Wf,d)®H^{Wg,d) 

Clearly, ^gz'^ = z'j ® Zg and '^aPw = PWf © PWg- So we can take z^ := '^~^{z'j © zj), 
where denotes the isomorphism analogous to \& with coefficients Z^^. Then clearly 
Vw,z = VWf,zf +VWg,Zg- This implies the required statement. D^^ 

22We conjecture that »7uie«2 {fi#h, /(#/2) = Vui (/i, /() + Vu2 {h,fL)^ where /fe, : Nk ^ are 
embeddings such that BH{fk) = BH{f'j^ = u^. 
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Proof of Lemma 2.9. 

Consider the fibration ]RP°° — > BSpin BSO. The 4-hne of the cohomology Leray- 
Serre spectral sequence of this fibration is the same at the E2 term and at the £'00 term. 
The 4-hne has Z = H'^iBSO) in the (4,0) position and also a Z2 = H^{BSO;Z2) in 
the (2,2) position. Therefore H^{BSO) maps into (BSpin) subgroup of index 2. 
Hence the puUback, pi e H'^{BSpin), of the universal first Pontryagin class in H^{BSO) 
equals to twice the generator of H'^ (BSpin) = Z. (This fact is also proved in [KS91, proof 
of Lemma 6.5].) 

Take the map V : W ^ BSpin corresponding to the given spin structure on W. We 
have pw = PDV*pi. Hence pw is divisible by 2. 

Let ^4 e H"^ (BSpin; 1^2) be the puUback of the universal 4-th Stiefel- Whitney class 
in H^(BSO;'L2)- Since ^4 generates (BSpin; 1^2) and the mod 2 reduction p2 : 
H^(BSpin) — > H'^ (BSpin; 2,2) is onto, we have p2(pi/2) = W4. Also W4(W) = V*W4. 
Hence p2(pw/2) = PDw4(W). Let us prove that this implies the remaining divisibility 
by 2. 

If W is closed, then the required divisibility follows because W4(W) — V4(W)+Sq^ V3(W) = 
V4(W). Here the first equality holds by the Wu formula and the second because Sq"^ vs(W) = 
Sq^ W3(W) = since W is spin (or else becuase vs(W) = W3(W) = since W is spin and 
BSpin is 3-connected) . 

If W has a non-empty boundary, then let Y := W Uqw (—W). Since 

Pw=PYf^W, we have (pw/"^) (^w x = (py/"^) f^Y iyx = iyx Hy iyx = x Hw x, 

mod 2 

where iy is the inclusion-induced map H4(W) — > H4(Y). □ 
Proof of the Realization Theorem 2.10. 

Construction of gi : S'^ ^ M7 . By general position, there is an embedding rj" : S^ — > 
S^ X whose composition with the projection onto S^ is the Hopf map.^^ Take an 
embedding ip : ^ S"^ x whose image intersects r]"(S^) transversally at exactly one 
point of sign +1. Let ifj' := 'i/'loD^- 

Since each embedding S^ — > S'^ is unknotted, it extends to an embedding D"^ — > D 
S'^ . Since -D^ is contractible, it has a unique framing. Therefore there is a unique framing 
of S^ C S"^ which extends to a framing of some extension D'^ ^ D^. Define this framing 
to be the zero framing. This and the isomorphism 773(504) = Z © Z [Mi56] gives a 1-1 
correspondence between normal framings on an embedding S^ -^W (up to homotopy) and 
Z©Z. 

Assume that S'^ x C S'^ is standardly embedded as a complement to the tubular 
neighborhood of the standard S^ C S'^ . Take the framing on r]" corresponding to (0, 0) 
and the framing on if)' corresponding to (1, —1). Let M be the closed 7-manifold obtained 
from S'^ by surgery along framed embeddings ^ip' and ry". Then M is a homotopy sphere 
containing the above S^. In the 'proof of the Realization Theorem 2.10' below we prove 
that M = S"^ . Let gi be the composition of the inclusion S'^ — > M and any diffeomorphism 
M^S'^. 

In this subsection let i : S"^ x — > S'^ = dD^ be the standard embedding. For a 
D^-bundle 5 over S'^ denote by e(5) e Z the Euler number of this bundle. 

^^An explicit construction of ri" [Sk]: Define an embedding r]' : ^ S'^ x by 77' (21, 2:2) := ((2:1 : 
Z2),zi). The composition of rj' with the projection onto is the Hopf map. Let rj" be the composition 
of r)' and the standard inclusion S'^ X D'^ ^ S'^ x . 
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Lemma 3.3. Let W be the 8-manifold obtained by adding ^-handles to S"^ x via 
embeddings 

ai, . . . ,an : X D"^ ^ X G 8(8^ x D^) 

with disjoint images. Denote by [cti] , . . . , [cin] G H4^{W) the basis corresponding to the 
4-handles. Denote by dim the -bundle over corresponding to am (i-e. the projection 
to from the 8-manifold obtained from by adding a A-handle along iam)- Then 

j lks7{iam,iai) m^l 4 
[a^J n [q!/J = <^ and Pw ^[arn\ = Pi{arn){[S ])■ 

I e[am) m = / 

Proof Cf. [Sc02]. 

The equality [ct^] fl [aj] — lk57(Q;j, aj) for i j follows analogously to [Ma80, 3.2]. 

For the other equalities we may assume that m = I = 1 and replace W by the 8-manifold 
W obtained from by adding a 4- handle along embedding a = iai. 

Since every embedding 5""^ — * 5"^ is isotopic to the standard embedding, there is a 4- 
sphere X C W representing [a] G H4{W'). Then X is homologous in W' to the zero 
section X' C dW of 5. Hence uw'iX) = a. Thus the characteristic classes of uw'iX) 
and of a coincide. 

We have [a] fl [o] = e(5) because the self-intersection of a homology class represented 
by a submanifold equals to the Euler class of the normal bundle of the submanifold in the 
manifold (this is easily proved directly or else deduced from [MS74, Exercise 11-C in p. 
134]). 

We have pw' H [a] = PDpi{Tw'\x) = PDpi{a), where the second equality holds 
because tw'\x = tx ® uw'iX) is stably equivalent to uw'iX) = a since X = S'^ is stably 
parallelizable. □ 

Proof of the Realization Theorem 2. 1 0. Let x dD^ = 8^x0^ Us^ xS^S^x be the 
standard decomposition corresponding to the standard decomposition dD^ = U 54 . 
Let W be the 8-manifold obtained from S'^ x by adding 4-handles along the framed 
embeddings ip' and r]" into S'^ x D^_. Let Cq := S'^ x 0% c dW . Let Ci C dW be the 
7-manifold obtained from 5'^ x by surgery along framed embeddings V'' and r]" into 
S"^ X D^. Take the identity diffeomorphism cp : dCo dCi. 

For the W construced both maps of the composition Hq{W, d) — > H^{dW) H^iCk, d) 
(the boundary map and the map x ^ xCidCk) are isomorphisms. Hence for the generator 
zw e Hq{W, d) we have that dzw is a generator of H^{dW) and := dzw n is a 
generator of H^{Ck, d). Then X = (Co, C\.,Aq,A\, (p) is an admissible set and W, zw is a 
nuU-bordism of X. 

Identify H4{W) with H4{W, d) (and the same for W replaced by W defined below) by 
the isomorphism from the exact sequence of pair. 

Take a basis y of H^iW) = 1? with x and y corresponding to the handle attached 
by ij)' and by r]'\ respectively. By Lemma 3.3 and [Mi56] 

xr\y=l, xr\x=pw^x = Q, yfly = 1 -I- (-1) = and piy fly = 2(1 - (-1)) = 4. 
Hence pw — 4x. 

Denote by W the 8-manifold obtained from by adding 4-handles along framed 
embeddings iip' and irj" into dD^ . Recall that M = dW' for the 7-manifold M defined 
in the 'construction of gi . Analogously to above there is a basis a;, y of H^iW') = J? 
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in which the intersection form of W has matrix H^, and pw' — 4x. Then 4a{W') — 
= = py^,,npw'■ Hence dW ^ [EK62, §6]. 

mod 28-32 

We have — y. (Indeed, ~ 5^ U (e^ U e^), where ~ means 'homotopy equivalent 
up to dimension 4'. Homotopy classes of the attaching maps for and for equal to 
the homotopy classes of r]" and ip'. So the attaching maps are homotopic to the Hopf 
map and trivial map — > ^S^, respectively. It follows that W ~ CP^ V S'^. Thus we 
obtain the cohomology ring of W up to dimension 4. By duality we obtain the homology 
groups of W and relevant intersection products above dimension 3. Hence H x — 1 
and z^ n y = for a generator zw £ Hq{W). By Poincare duality z^ = V-) 

Then r]{gi,go) = r]w,zw =2- □ 

4. Proof of the 'if' part of the Almost Diffeomorphism Theorem 2.6 
The Kreck Theorem 4.1. Let 

• W be a compact Al-manifold such that dW = CqUCi for compact (4Z — l)-manifolds 
Co,Ci C M^^ with common boundary; 

• p : B ^ BO be a fibration such that iiiip) = for i >2l and tti{B) — 0; 

• V -.W ^ B is a 21- connected map such thatpV\c^. is the classifying map of the normal 

bundle of Ck and T'lck '^^ (2/ — l)-connected. 

ThenV is bordant (relative to the boundary) to a product ofV\cQ with the interval if^^ 
there is a subgroup U C H2i{W) such that 

m U nU = and V^U = C H2i{B), 

• jk\u is an isomorphism onto a direct summand in Vk '■= H2i{W,Ck), and 

• the quotient joU x Vi/jiU — > Z of the intersection pairing fl : Vb x Vi — > Z zs 

unimodular. 

Proof Denote K := ker(l7^ : H2i{W) H2i{B)). The form n : K x K ^ Z is even 
because^^ 

xr\x = {wai{W),x) = {p*V*wu,x) = {w4i,pJ7^x) = mod 2, 

where x e K and vu^ E H^{BO) is the Stiefel Whitney class. So in [Kr99, p. 725] we can 
take iJi{x) := X r\x/2 for x E K (because 21 is even). We have Wh{ni{B)) = and so an 
isomorphism is a simple isomorphism. Hence the hypothesis on U implies that 9{W,V) is 
'elementary omitting the bases' [Kr99, Definition in p. 730 and the second remark on p. 
732].^^ Thus the result follows by the /i-cobordism theorem and [Kr99, Theorem 3 and 
second remark in p. 732]. □ 

The Bordism Theorem. 

Lemma 4.2. Let Cj~ be compact connected 7-manifolds such that H^{Cq) — H^iCi) = 
0, : dCo — > dCi a diffeomorphism and W a compact 8-manifold such that dW = M^. 
Denote 

Vo := H^{W, Co) and let jo : H^{W) Vq 

^"^and only if 

^^In the situation of the Almost Diffeomorphism Theorem 2.6 this form is even by Lemma 2.9. 

^^In [Kr99, Definition on p. 729] 9{W,T') was only defined for a (/-connected map V : W ^ B. (Indeed, 
on p. 725 in [Kr99] there is a paragraph beginning "The objects in l2q{iT,(jj) are represented ... ". In 
condition (i) Vq and Vi are based. This means in particular that they are stably free. Now for a bordism 
{W, V; Mq , Ml ) we have by definition Vq = Hq {W, Mq ) and this is only a stably free module iiV : W ^ B 
is g-connected.) If V is not g-connected, then it is bordant to a q-connected map Vi : Wi — > B and we 
can define 6{W,V) := 6{Wi,Vi). This is well-defined by [Kr99, the first sentence in p. 730]. 
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be the map from the exact sequence of pair. There is a well-defined bilinear map 

• : Vo X Vo — > Z given by x ■ x' := Jq^x fl x' 

which is symmetric and unimodular and where Jq^x denotes any element in Jq^x?'^ 
Proof. Since H^{Cq) — 0, the map jo is epimorphic. 

If y, y' e Jq^x, then we may assume that the support oiy — y' is in Cq. Then (y — y') fl 
x' = {y — y') rico dx' = because Hs{Co) = 0. So • is weU-defined. 

This form is symmetric because of the symmetry of hnking coefficients of 3-cycles in Cq. 
In order to prove the unimodularity of ■ take primitive xq G Vq. By Poincare-Lefschetz 
duahty there is xi G Vi such that xi D xq — 1. Since H^{Ci) — 0, there is j/ G H^^iW) 
such that jiy — xi. We have xq ■ joy = xq Hy — xq D xi = 1. □ 

Bordism Theorem 4.3. Let {W, z) be a null-bordism of an admissible set 

X = (Co, CuAo, Ai, ^) such that 7ri(Cfe) = H^{Ck) = H^{Ck, d) = 0. 

The pair {W.,z) is spin bordant (relative to the boundary) to a product with the interval 
if^^ there is a left inverse s of the map 



j:Vo^H^{W,d) 
from the exact sequence of triple (sj = id) such that 

a{W) = spw ■ spw = sz"^ ■ spw = sz^ ■ sz^ = 0. 



Beginning of the proof of the Bordism Theorem 4-3. RecaU that BSpin = BO (4) is the 
(unique up to homotopy) 3-connected space for which there exists a fibration BSpin — > 
BO inducing an isomorphism on tt^ for i > 4. Denote B := BSpin x CP°°. Define 
p : B ^ BO to be the composition of the projection to BSpin and the map BSpin BO 
inducing an isomorphism on tTj for i > 4. Take the map V : W ^ B corresponding to the 
given spin structure on W and to z e HeiW.d) ^ [W, CP°°]. 

Since X is admissible and H4^(Ck,d) = 0, by Poincare-Lefschetz duality the map 
(y\Ck)* '■ H2{Ck) H2{CP°°) is an isomorphism. This and TVi{Ck) = H^{Ck) = 
imply that the map T'\ck is 3-connected. Making S-surgery below the middle dimension 
we can change u relative to the boundary and assume that V is 4-connected [Kr99, Propo- 
sition 4]. This surgery together with the obvious corresponding change of s preserves 
cr(VF), spw ■ spw, sz^ ■ spw and sz'^ ■ sz^. Hence it suffices to construct U as in the Kreck 
Theorem 4.1. 

Since BSpin is 3-connected, we have 

Ha{B) ^ H^iBSpin) H^{CP°°) ^ Z Z. 

This isomorphism carries V^u to {u\~\pw /'^, -ufl^^) (where a G i7^(CP°°) is a generator and 
pw is even by Lemma 2.9). So 'V^U = G H/^[By is equivalent to 'U P^z"^ — U P\pw = 0'. 
Let 

U = {u \ du = msz^ -\- nspw for some integers d, m, n}. 

^^Of course 'geometrically Jq"^ a; fl x' = xflx", but the first intersection assumes values in Ho{W) = Z 
while the second one in Hq{W, Cq) = 0. 
^^and only if 
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(Note that rkt/ is 1 or 2.) Since 

spw ■ spw = sz'^ ■ spw = sz'^ ■ sz^ = 0, we have U ■ U = 0. 

Since the form • is unimodular, there is 

X cVq such that U C X, rkX = 2rkt/ and -jx is unimodular. 

Then29 Vo=X ®X^ and a{X) = 0. 

The map jo : H^iW) — > Vq is onto and carries fl to ■. Therefore a{X^) — a{-) — 
a{W) = 0. Hence there is a direct summand U C X-^ such that U ■ U = 0. Let 
U := s*{U ® [/), where s* is given by the foUowing Lemma 4.4. 

Lemma 4.4. Under the assumptions of Lemma 4-2 for each left inverse s of j a right 
inverse s* : Vq — > H4^{W) of jo is well-defined by 

s*x r\y = X ■ sy for each y e H4^{W, d). 

The map jis* : Vq — Vi is an isomorphism carrying the product fl : Vq x Vi — > Z to i.e. 
X ■ x' — jis*x n x' for each x, x' G Vo^^ 

Proof. Define a homomorphism x : H4{W, d) ^ Zhj x{y) := x ■ sy. Now the existence 
and uniqueness of such an element s*x follows by Poincare-Lefschetz duality. 
Clearly, s* is a homomorphism. 
We have 

jos*x ■ x' = s*x r\x' = s*x n jx' = X ■ sjx' = X ■ x' for each x' e Vq. 

Since the form • is unimodular, jos*x = x. 

We have x ■ x' = s*x D x' = jis*x fl x' . (Cf. the end of the proof of Lemma 4.2.) 
The map s* is injective. For x, x' e Vb if 

jis*x = jis*x' then x C^a = j\s*x C^a = jis*y r\ a = y P^a for each a e Vi. 

Hence by Poincare-Lefschetz duality x = y. Thus jis* is injective. So it is an isomor- 
phism. □ 

Completion of the proof of the Bordism Theorem 4-3: checking of the required properties 
of U . Clearly, t/ is a direct summand in X. 
Let U' :=U® U. Then 

joU = U\ U' -U' = U' ■ sz^ = U' ■ spw = 

and U' is a direct summand in Vq. 
By Lemma 4.4 

UnU ^UnjjoU ^ s*U'njU' ^U'-sjU' ^U'-U' ^0, Unx^U'-sx^O for xe{z'^,pw} 
and jo\u is an isomorphism onto the direct summand U' (ZVo. 

^^Since both Vb and X C Vq are unimodular, we have X n X-^ — and rkX-^ = ikVo — rkX. Then 
Vo=X®X^. 

^°The second statement holds for each right inverse of jo, not necessarily the one obtained from s. 
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Since [/ C ims*, by Lemma 4.4 ji\u is monomorphic. 

Since t/' C Vq is a direct summand, we have Vq = U' ®U" (additive) for some U" <zVq. 
Suppose that j\s*u' = j\s*u" for some u' e U' and u" e U" . By excision H/^{dW.,C\) = 
H4{Co,d) = 0, so by the exact sequence of pair the inclusion-induced map H^^Ci) — > 
H4{dW) is surjective. Hence for the inclusion-induced maps 

i : H4{dW) ^ H4{W) and ik H4{Ck) ^ H4{W) we have imz = imzi. 

Analogusly imi — imio- Hence 

s*u' — s*u" E im.il = imiQ, so u' — u" = jo{s*u' — s*u") = 0, hence u' = u" = 0. 

Thus jiU n jis*U" = 0. Therefore by dimension considerations Vi = jiU © jis*U" 
(additively) . So jiU is a direct summand. 

The pairing n : joU x Vi/jiU ^ Z is isomorphic to the pairing n : U' x jis*U" Z 
and (by Lemma 4.4) to the pairing ■ : U' x U" — > Z. Since the form • : Vq x Vq — > Z is 
unimodular and U' ■ U' = 0, the latter pairing is unimodular. □ 

Proof of the 'if part of the Almost Diffeomorphism Theorem 2.6. 

Beginning of the proof. Take a nuU-bordism (W, z) of X given by the NuU-bordism 
Lemma 2.4. The idea is to modify [W, z) and apply the Bordism Theorem 4.3. Define 
B,p and a 4-connected map V -.W ^ B Qsia the beginning of the proof of the Bordism 
Theorem 4.3. 

Since H^{Cq) = 0, we can take the product ■ given by Lemma 4.2. 
By excision H4{dW, Co) = H4{Ci, d) = 0. Then, by the exact sequence of a triple, j is 
injective. 

Take x G Vq. We have x' ■ x = y D x = y D jx for each x' G Vq and y G Jq^x'. If 
jx is divisible by an integer d, then x' ■ x is divisible by d for each x' G Vo. Hence the 
unimodularity of ■ implies that jx is primitive for each primitive x E Vq. So there exists 
a left inverse s of j (because V is 4-connected and so Tors H4(W, d) = TorsHziW) = 0). 

Denote d := d{dwz^)- Recall the definition of pw £ H4{W) and G iy4(VF; Z^) from 
the definition of rjx in §2. Since jopw = spw, we have pw H pw = spw • spw- Since 

joz"^ = pdsz"^ , we have 2;^ ^Pw = Pd^z^ ■ ^Pw ^ ^ind z^ (1 z^ = Pdsz^ ■ sz^ G Z^. 

Denote 77^^,2,5 = sz"^ ■ {sz'^ - s^) G Z. Thus r/x = pdrjw,z,s-^^ 
Analogously for Aq divisible by 2, r/^ = p2{sz^ ■ sz^). 

For completion of the proof we need two lemmas. Let be a compact spin 8-manifold 
such that dwPw = 0. Define G H4{W) analogously to pw- (It is clear that the 
intersections below do not depend on the choice of which choice is in H4(dW).) By 
Lemma 2.9 

/TT/\ _ 'Pw ^Pw 4(T{W)-p^r\pw . . , 
a{W) = n so aw '■= — — is an mteger. 

mod 8 2 2 32 

Lemma 4.5. For each of the four quadruples 

(1,0,0,0), (0,28,0,0), (0,0,2,0), (0,0,0,12) 



^■"^Note that Pdipw H z^) = z"^ (1 PdPw = Pdi^Pw " sz^) but pw D z^ ^ spw ■ sz^ — s*jQPw H ■ 
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there is a dosed compact spin 8-manifold W and z e Hq{W) such that the quadruple 
Qw,z '•= {(^{W),aw, — z'^\pw) coincides with the given quadruple.^"^ 

Lemma 4.6. Let (VF, z) he a null-hordism of an admissible set X such that H^{Ck) — 
HziW) = H5{W,d) = and H2{dCo) is free. Let s be a left inverse of j. By connected 
sum of W with a null-bordant closed 3-connected 8-manifold and certain corresponding 

change of z, s one can change 

• sz^ ■ sz^ by adding an odd num,her, provided Aq is not divisible by 2. 

• Vw,z,s by adding 2d/GCD{d, 2), where d := di^dwz^), and preserving P2{sz'^ ■ sz'^). 

The lemmas are proved in the next subsection (Lemma 4.5 is known). 

Completion of the proof of the Hf part of the Almost Diffeomorphism Theorem 2.6. 
Take a 3-connected parallehzable 8-manifold whose boundary is a homotopy sphere 
and whose signature is 8. Then = 0. The boundary connected sum of V with a 
constant map — > CP°° changes aw by 1 and preserves the 4-connectedness of V.^"^ 
Thus we may assume that aw = ^■ 

For a nuU-bordism W, z of an admissible set X such that H^{Ck) = and a left inverse 
s of j denote Qw,z,s '■— {.'^iW)i ctWi sz'^ ■ sz'^, r)w,z,s)- For a closed spin 8-manifold Wq and 
zo e Hq{Wo) we have Qw#Wo,z®zo,s®id = Qw,z,s + Qwo,zo- Since z is primitive, z ® zq 
is primitive. So we may spin surger VF^Wq and assume that the map v' : W^^Wq B 
corresponding to ^©^o and the 'connected sum' spin structure on W^Wq is 4-connected. 
So by Lemma 4.5 we may change the quadruple Qw,z,s by any of the four quadruples of 
Lemma 4.5, and V would remain 4-connected. 

Thus we may assume that a{W) = aw = 0- 

Connected sum of 17 with the constant map from a null-bordant 3-connected 8-manifold 
does not change cr(VF), aw and the property that V is 4-connected. 

If Aq is not divisible by 2, then by Lemmas 4.6 and 4.5 we may assume that a{W) = 
aw = sz^ • sz^ ~ 0. 

If is divisible by 2, then pii^sz^ ■ sz^^ — rjx — 0, hence by Lemma 4.5 we may assume 
that a{W) = aw = sz^ ■ sz^ = 0. 

Since rjx = 0, by Lemmas 4.6 and 4.5 we may assume that o-{W) = aw = sz^ ■ sz"^ = 
Vw,z,s = 0. Then we are done by the Bordism Theorem 4.3. □ 

Diffeomorphism Theorem 4.7. Let X = (Co, Ci, Aq, Ai, be an admissible set 
such that 7ri(Cfc) = Hs{Ck) = H4^{Ck,d) = and H2{dCo) is free. Denote ax '■= 
P28(^w £ ^28 for some null-hordism iW^z) of X.^^ There is a diffeomorphism Cq — >• Ci 
extending ip if and only if 

ax = 0, r]x = and, for Aq divisible by 2, Vx — ^^ 

The 'only if part is simple (take W = Cq x I U^Ci, where ^ : Cq x 1 = Cq ^ Ci is 
given extension). We essentially proved the 'if part in the course of the proof of the 'if 
part of the Almost Diffeomorphism Theorem 2.6. 



^^We can avoid using (0, 0, 2, 0) by using the Framing Theorem 2.7(<^) and changing the structure of 
the proof of the injectivity of riu- 

^^An alternative proof is obtained by replacing Eg by a 3-connected 8-manifold X ~ 5* whose 
boundary is a homotopy sphere, cr(X) = 1 and px = 6 [Mi56]. 

^^The independence of ax of W is essentially known. Note that ax is also independent of (p because 
(t{W) — = —2^ ■ 7si(Ari _i) = in the notation of the subsection 'Proof of the Framing Theorem 
2.7'. 
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Conjecture 4.8. Let {W, z) he a nuU-bordism of an admissible setX = (Co, Ci, Aq, Ai, (p) 
such that 

MCk) = HsiCk) = HsidCo) = H4iCk,d)=piiCk) = 0, 

H2{dCo) is free and the map : W ^ CP°^ corresponding to z is 4-connected. Then 
(W, z) is spin bordant (relative to the boundary) to a product with the interval if and only 

'f _ _ 

a{W) =pWf^Pw = and z'^ Hpw = z"^ n z'^ = e Zd- 

Proof of Lemmas 4.5 and 4.6. 

Proof of Lemma 4.5. Recall that a{B.P'^) = 1 and (HP^) = 4 [Hi53], cf. [Mi56, 
Lemmas 3 and 4]. So for (HP^, 0) the quadruple is (1, 0, 0, 0). 

Take a 3-connected parallclizable 8-manifold Eg whose boundary is a homotopy sphere 
and whose signature is 8. Then pi{Es) = 0. For (28£^8 U -D^,0) the quadruple is (28 • 
8,28,0,0). 

Take (5*^)^ and the class z which is the sum of four summands, each represented by 
a product of three 2-spheres and a point. Then 2^ = 24. Denote Hj^ ~ (^1 o) ' 

a quadratic form H^iiS'^)^) = H+ ® H+ ® H+, so a{{S'^)^) = 0. Since (S'^)^ is almost 
parallclizable, we have ^(52)4 = 0. Thus for ((5'^)'^, z) the quadruple is (0, 0, 24, 12). 

By [KS91, Proposition 2.5] there is a closed spin 8-manifold W and z G Hq{W) such 
that Si = S2 = and Ss = 1. In the notation of [KS91, spin case of (2.4)] 

Si = aw/'28, 82 = z^iz"^ -Ipw)/12 and 253 = 852 + ^^- 

Hence for (W, z) the quadruple is (a, 0, 2, 0). □ 

Lemma 4.9. Assume that (W, z) is a null-bordism of an admissible set X. 
(p) s'pw = spw for each left inverses s, s' of j . 

(z) Suppose that H^{Cq) = H^iW) = H^{W,d) = and H2{dCo) is free. For xeVq 
there is a left inverse s' of j such that s' z^ = sz"^ + x if and only if x is divisible by 
d:=d{dwz^). 

Proof of (p). Denote by Sq : H4{W,d) — > Hs{dW, Co) the boundary homomorphism. 
The class (dpw) H Co = PDpi(Co) = goes to dopw under the excision isomorphism 
Hz{Ci.,d) — > iJ3(9W,Co). Thus SqPw = 0. Hence pw e imj which implies (p). □ 

Proof of (z). Since H^{Cq) = 0, the map jo is onto, hence imj = im(jjo) = kerc^i^. 
Since H2{dCo) is free and H^{Ck) = 0, by the Mayer- Vietoris sequence for dW = Cq UCi 
we obtain that H^{dW) is free. This and H^{W) = H^{W, 9) = imply that H^iW, d) ^ 
VQ®H^{dW). Identify these isomorphic groups by the isomorphism j©(9vK|kers)~^- Then 
z^ is identified with sz^ © dwz^. The 'only if part follows because s'{sz^ © 0) = 52;^, 
so ^ ^ s>Q^z'^_ The 'if part follows because dwz'^/d E Hs{dW) C H4{W,d) 
is primitive, so for each xi e Vq there is a left inverse s' of j such that s'{z^/d) = 
s{z'^/d) + xi. □ 

Proof of the Twisting Lemma 4-6. First we prove the second assertion. By [Mi56] there 
is a D^-bundle over whose Euler class is and whose first Pontryagin class is 4. The 
double of this bundle is an S'^-bundle S'^xS^ over S'^ whose first Pontryagin class is 4. 
We have H4{S^xS^) = Z © Z with evident basis. In this basis pgi^gA = (4,0) and the 
intersection form of S'^xS^ is Hj^. 
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Denote W := W^S^xS'^. Identify HG{W,d) with HQ{W',d). Identify H4{W',Co) 
with Vo ® iy+ as groups with quadratic forms. Clearly, 

dW' = dW, dw'Z = dwz and r]w',z,s®iA = r]w,z,a- 

By (the 'if part of) Lemma 4.9(z) there is a left inverse 

s' : H^{W', d) ^ H^iW', Co) such that s\z^ © (0, 0)) = sz^ © (0, d). 

We have pw' — Pw © (4, 0). By Lemma 4.9(p), s'pw' = (s © id)pM/' = spw © (4, 0). So 

s^2.g^2 ^ /^2.^/^2 j^^j Vw',z,s'-Vw,z,s = (0, rf)n[(0, rf)-(2, 0)] = (0, d)n(-2, rf) = -2d. 

In this paragraph assume that d is even. We have i74(EIP^^(— HP^)) = Z©Z with evi- 
dent basis. In this basis pHp2^(_]jjp2) = (2,-2) and the intersection form of H[P^^(—]H[P^) 
is diag(l, —1). Analogously to the above with S^xS^ replaced by ]H[P^#(— HP^) we may 
change r]w,z,8 by 

(0, d) n [(0, d) - (1, -1)] = (0, d) n (-1, d+l) = -d^ - d. 

The difference s'z"^ ■ s' — sz^ • sz^ — (0, d) fl (0, d) — —d^ is divisible by 2. Hence we may 
change fjw,z,s by GCD{2d, d'^ + d) = d and preserve p^isz'^ ■ sz'^). 

Now let us prove the first assertion. Since Aq is not divisible by 2, cZ is odd. Hence in 
the above example change of sz"^ • sz^ is by an odd integer d^. □ 

5. Remarks (omit in the submitted version) 

The following properties from the definition of the admissibility are not necessary: 
HsidCo) = 0, pi{Co) = PiiCi) = and d{Al) = rf(Af) for the NuU-bordism 
Lemma 2.4, 

^(Aq) = d{Al) for the definition of rjw z, 

^(Aq) = d{Al) and Pi{Cq) = pi{Ci) = for the definition of rj'-^ and the Bordism 
Theorem 4.3, 

Pi(C'o) = Pi(Ci) = for the Framing Theorem 2.7, 
d{Af) = d{Al) and H^idCo) = for Lemmas 4.6 and 4.9. 

Remarks to the construction of a 1-1 correspondence between normal framings on an 
embedding ^ (up to homotopy) and Z © Z. Surgery on a framed embedding 
b : X — i> S'^ gives a 8- manifold Eh which is the total space of a D'^-bundle —>■ S'^. 
The boundary dEi, is the total space of an S'^-bundle ^6 : — > S'^. The map 6 i— > ^5 is a 
1-1 correspondence [Wa62, Lemma 1]. Take the 1-1 correspondence between S'^-bundles 
over S"^ and Z e Z constructed in [Mi56]. This gives an alternative construction of the 
above 1-1 correspondence. 

The map assigning to b the diffeomorphism class of the total space Ei, is a bijection. The 

. . 2aEr]aE -PE^ctE 2aEriaE +PE^aE. , ^ u rTP\ 

mverse is given bj E t-^ [ , J, where a^; G H4[E) 

is the generator and we use the above 1-1 correspondence between the set of framings 
and Z © Z.35 



^^The map assigning to b the diffeomorphism class of the total space dE}, is not a bijection (although 
the restriction of such a map gives a 1-1 correspondence between unlinked framed embeddings and dif- 
feomorphism classes of total spaces of trivial Euler class bundles) [CE03]. 

Framed embeddings b corresponding to pairs (a, —a) are characterized by being unlinked (i.e. such that 
the linking coefficient of b{S^ X 0) and b(S'^ x x) is zero. 

An isotopy F from an embedding S'^ to the standard embedding is not necessarily unique up to 

isotopy (of isotopies relative to the ends). So apriori we cannot just take as the 'zero' framing the image of 
the standard framing of the standard embedding under such an isotopy F. However, the above argument 
shows that we can. 
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An alternative proof of the Agreement Lemma. 

The Agreement Lemma is an analogue of [Sk08', the Agreement Lemma]. For Hi{N) ^ 
this analogue is more complicated because embeddings A^o are not necessarily 

isotopic. 

A section ^ : iVo — >^ dCf is called faithful if C'dAf — 0. When H2{N) has no torsion, 

this is equivalent to the triviality of the composition H2{No) H2{dCf) H2{Cf). 
Faithfulness is not equivalent to unlinkedness because in general ADf^^^^^ ^ f^'j^^ADj^. 
The Agreement Lemma is implied by the following result. 

Faithful Section Lemma, (a) A faithful section exists. It is unique on 2-skeleton of 
N up to fiberwise homotopy. [HH63, 4-3, BH70, Proposition 1.3]. 

(h) Under the assumptions of the Agreement Lemma (f maps a faithful section to a 
faithful section. 

Part (a) is implied by the following result. 

Difference Lemma. d{^,r]) = ^'dAf — r] dAf. 

This follows because 

- v')dAf = (e- - v )dAf n u-'No = - V-)[CNo] = d{^, Q - d{r^, Q = d{^, rj). 

Proof of the Faithful Section Lemma (b). Recall the equality on ±2(i(^,?7) from the 
proof of the Agreement Lemma in §3. Let C, be an unlinked section for /. Then for a 
faithful section ^ for / we have 

PDe{C^) - PDe{e) = 2rf(C,0 = 2(C' - ^'■)dAf = 2CdAf = 2PDe{C^). 

Here the first equality holds by the equality on ±2(i(^, ry); 
the second equality holds by the Difference Lemma, 
the third equality holds because ^ is faithful, 

the fourth equality holds by (the second equality of) the Section Lemma. 

Since H2{N) has no 2-torsion, together with the equality on ±2d{^, rf) this implies that 

a section ^ : Nq ^ dCf is faithful if and only if PDe{^-^) = —PDe{(-^). 
Now the lemma follows by the Section Lemma because e(((/?^)-'") = e(^-'"). □ 

We conjecture that BH{f) — BH{f') — 2Wf'{f) for the Whitney invariant 
[Sk08, §2]. For simply-connected N the proof is analogous to [Sk08', §3]. 

The following assertion is proved analogously to [SkOS', the Difference Lemma (c)] 
(where Aq is defined). 

If f = f on No and ^ : Nq ^ dCf is a section both for f and f, then W{f) — W{f') = 

^o(^+ ~ ?*)[^]7 where ^ is constructed from ^ and f . 

This assertion gives an alternative proof of the following statement used in the proof 
of the Agreement Lemma: if BH{f) — BH[f') and Hi{N) — 0, then any isomorphism 
maps an unlinked section of f to that of f .^^ 

^^If a section ^ : A^o dCf is strongly unlinked, then it is faithful. If N is simply-connected, then the 
converse also holds because Nq ~ VS?. If a section ^ : AT — > dCf is strongly unlinked, then its restriction 
to A^o is both faithful and unlinked, hence BH(f) = by the italicized assertion in the proof of the 
Faithful Section Lemma (b). The same assertion implies that for simply- connected N the existence of a 
strongly unlinked framing of vq is equivalent to BH{f) = (and hence to the compressibility of f). Here 
the simply-connectedness assumption is essential: take an embedding (5^ x S^)ii^{S^ x 8^)2 such that 
{x X S^)i and {x x 8^)2 are hnked, then for any section ^ : Aq ^ dCf we have S,*in* 7^ G H^{No). If 
is trivial, then the obstruction to extending a section ^ : No — > dCf to AT is {^'dAf)^ G Z. Thus unlinked 
or faithful section on Nq extends to N if and only if BH{f) = 0.) 
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